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Abstract

In this bachelor’s thesis, we shall show the absolute and relative Hurewicz
Theorem for n = 2 using a minimum of assumptions and use the absolute
Hurewicz Theorem to show the Quillen plus construction.
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COMMON SYMBOLS

2 N © =3B O

—

D"
oX

f:X—=Y

f: (X) XO) - (Y>UO)

f ~ grelxg

Ao X
YX

[X> X0, Y> UO]

7Tn(X)XO)

The complex numbers

The real numbers

The rational numbers

The integers

The non-negative integers {0, 1, 2, ...}

The closed unit interval [0, 1]

For n > 0, the unit n-sphere, S° = {—1, 1}
For n > 0, the closed unit n-disc, D® = {0}
The boundary of a space X

A continuous map f from a space X into a
space Y

A map f:X — Ysuch that f(x9) =yo

A mapf: (X,x0) — (Y,yo) is homotopic rel xy
toamap g: (X,xo) —= (Y,Yo)

The identity map X — X
The inclusion map from A C X to X
The space of (continuous) maps X — Y

The set of homotopy classes rel xo of
maps (X,xo) — (Y,Yo)

For n > 1, the n’th homotopy group of a space X
with basepoint x,

For n > 0, the n’th singular homology group of
a space X

The group of integers modulo n

The free group on n generators



COMMON SYMBOLS

ZX
G=H
X=Y

Top

Top*

*

Top,

Htpy

Htpy*

Grp

Ab

vi

The free abelian group with basis X

A group G is isomorphic to a group H

A space X is homeomorphic to a space Y

A space X is homotopy equivalent to a space Y
c is an object of the category C

The class of objects of a category C

The class of morphisms ¢ — ¢’ for¢,c¢’ € C

A functor F from a category C to a category D

A natural transformation « from a functor
F:C—=DtoafunctorG:C—=D

The category of sets with set maps X — Y as
morphims

The category of topological spaces with continu-
ous fuctions X — Y as morphisms

The category of pointed topological spaces (X, x¢)
with continuous maps f : X — Ysuch that f(xy) =
Yo as morphisms, denoted by f : (X, x¢) — (Y, yo)

The category of pairs of topological spaces (X, A, x¢)
such that xo € A C X and A is a subspace with
contiuous maps X — Y as morphisms such that
f(x0) =yo and f(A) C B, denoted

be : (X>A) XO) - (Y) B)UO)

The homotopy category with homotopy sets [X; Y]
as morphisms

The homotopy category of pointed spaces iwth
homotopy sets [X, xo; Y, yo] relative to x, as mor-
phisms

The category of groups with group homomor-
phisms G — H as morphisms

The category of abelian groups with group homo-
momorphisms G — H as morphisms



The category of functors C — D with natural
transformations F = G as morphisms

The fundamental groupoid of a space X with homo-
topy classes rel 91 of paths from points x to y of
X as morphisms

For n > 1, the homotopy group functor
Top® — Grp. For n > 2 a functor Top, — Grp

For n > 0, the singular homology group functor
Top — Ab or Top, — Ab

A point

Path concatenation.
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Chapter
INTRODUCTION

In this thesis, we shall examine two fundamental results of homotopy theory, first,
the Hurewicz Theorem and then one of its applications, important in algebraic
K-theory, the Quillen plus-construction.

The Hurewicz Theorem, which in general (that is, in terms of absolute homo-
topy and and homology groups), defines an isomorphism

h 7 (X, %) = Hp (X),

for (n — 1)-connected spaces X for n > 2. We shall however restrict our proof to
n = 2 and show which assumptions are needed in order to prove this version of
the Hurewicz Theorem.

It turns out that the Quillen plus construction only needs the absolute Hurewicz
theorem for n = 2, so our proof of the Hurewicz Theorem in Chapter 2 naturally
leads us to show the statement of the Quillen plus construction in Chapter 3: That
given a connected CW complex X such that H; (X) = 0, there is a simply-connected

space X such that H,, (X) — Hy(X") for all n > 0 where the isomorphism is
induced by the inclusion.

For the sake of completeness, we have also included a proof of the relative
Hurewicz theorem for n = 2, which states that given a a 1-connected CW-pair,
(X, A), there is an isomorphism h* : 7, (X, A) — H,(X, A), even though we shall
not treat any applications for this theorem.

We shall now give an overview of the structure of this document. Chapter
1 is the present chapter with an introduction and a bit about the mathematical
conventions used. Chapter 2 contains the proof of the Hurewicz Theorems and con-
tains four sections. Sections 2.2 and 2.4 are only relevant to the relative Hurewicz
Theorem and are not used in Chapter 3 where we shall prove the Quillen plus
construction using the absolute Hurewicz Theorem.

1.1 BASIC DEFINITIONS

We shall follow Riehl’s definition of a category in [4, pp. 13, 17]
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REMARK 1.1. The data of a functor F: C — D will be depicted as

c—F D
c — Fc

fl lF(f) (-0

¢/ —— Fc’
in the manner inspired by Riehl in [4].

DEFINITION 1.2 ([5, section 3.15] ). Let f : X — Y be a map. The (unreduced)
mapping cylinder, My, is the quotient of the space X x I [ Y where f(x) ~ [x, 1].

DEFINITION 1.3 ([5, section 3.15] ). Let f : (X;x0) — (Y,yo) be a map. The
reduced mapping cylinder, My, is the quotient of the space (X x I)/({xo}xI) [ Y
where f(x) ~ [x, 1].




Chapter
THE HUREWICZ THEOREM

In this chapter we shall take a look at the Hurewicz Theorem in the special case of
n = 2, due to the absolute versions importance in the Quillen plus construction.
We shall treat the Quillen plus construction in the next chapter. For completeness,
we shall also treat the relative Hurewicz Theorem.

First we define the absolute and relative Hurewicz homomorphisms, then we
will go though the definition of transport along a path and its interpretation as
a right group action. Finally we shall prove the absolute and relative Hurewicz
Theorem.

A result we shall need often is

LEMMA 2.1. We have that @, (8%, %) = m(\/ S? %) [3, p. 363], and simi-
larlilly we have Hy(\/  S?) = @, H2(S?) [3, p. 126]. [ |

We shall follow the proof in Theorem 8.6.4 in [6, p. 213].

Proof. We shall show the statement for 7r,. By the long exact sequence of on
homopty, the inclusion \/ S4 < [, S* induces an isomorphism on 7. [3, p. 363]

By proposition 4.2 in [3, p. 343] there is an isomorphism ¢ : (] [, S %) —
[T, m(S? %) given by [f] — ([p« o f])« Where p is the projection onto the «’th
factor, and a canonical isomorphism (for finite o) P, 72 (S?, %) — [], m2(S?, *).
Let @ : @cx 7-[2(82> *) — 712(\/“ Sza *) giVen bY ([foc])cx = Z“ WZ(ia)([foc])- We
claim that the following diagram commutes for finite «,

7'(2(\/0( Sz)*) ;} WZ(HOC SZ)*)

o] -[o (2.1)

Do (8% %) = [[,m(S?)

Let ([fo]) o € D, m2(S?, %) we have by diagram chase:

(D)o ot Y [l fal 0 Y [ o fol oo

(D _[pp oiaofallp = ([fal)a (2:2)

X

this shows that the square commutes and thus @ is a isomorphism for finite «.
For arbitrary o: Note that the image of a continuous map of compact set, is
again compact. so this means that for any [f] € 7, (\/, S?,*), f can only intersect a
finite number of spheres, say for « € A for some finite set A, then f is in the image
jx T (V qen S5 %) = (Vo S?, %) where j is the inclusion, so by our previous
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considerations we have surjectivity of ®. Let a,b € @, m2(S?, *) and assume that
®(a) = ®(b), then by definition of the direct sum, they can be represented by a
finite sum, but their null-homotopies can, again by compactness, only intersect
for a finite index set A’ hence restricting ® to A’ we see that a = b, showing
injectivity. |

2.1 THE HUREWICZ HOMOMORPHISMS

At the centre of the Hurewicz Theorem is the eponymous homomorphisms, which,
under certain conditions, turns out to be isomorphisms.
There are two versions of the Hurewicz homomorphism:

h: 7 (X, x0) — Hr (X),
h:T(n(X, A)XO) — Hn(X)A))

1 (2.3)
2. (2.4)

| 3

>
>

The two versions of h can be disambiguated easily by looking at their domain and
codomain and no confusion should arise.

We shall now construct the Hurewicz homomorphisms in the manner pre-
sented by tom Dieck [6, pp. 495-496] : We have, since there are isomorphisms

Hn (D™, S™71) = Z = Hy (ST),

a choice of generator for each homology group Hy, (S™) and H,, (D™, S™1). So we
choose a generator g, € Hy(S™) and g, € Hn (D™, S™ 1) such that 9§, = gn_1,
and, for the quotient map p : (D™, S™!) — D™/S™"! (note that there are a choice
of homeomorphisms D™ /S™~! = S™ that we keep fixed), such that p«(gn) = gn.
And thus, we can fix a generator g, where the remaining generators are then given
by induction.

We define,

DEFINITION 2.2. The (absolute) Hurewicz map, h, is the map m,, (X, xo) —
H, (X), n > 1, given by the assignment [¢] — ¢«(gn ), where ¢, is the induced
homomorphism H,, (S™) — H;,, (X). [6, p. 496]

DEFINITION 2.3. The (relative) Hurewicz map, h, is the map 7, (X, A, x¢) —
Hn(X,A), n > 2, given by the assignment [] — 1U(gn), where 1, is the
induced homomorphism H,, (D™, S™!) — H, (X, A). [6, p. 496]

It is clear by homotopy invariance that h is independent of the choice of represen-
tative in 7t,,.

Of course, the absolute and relative Hurewicz maps are more than simply maps,
but crucially, homomorphisms, which is the next result to be shown:



2.1. The Hurewicz homomorphisms

| LEMMA 2.4 ([6, p. 496]). The maps h are group homomorphisms.

This proof is based on proposition 10.4.4 in [6, p. 254]

Proof. We show that the absolute Hurewicz map is a homomorphism. First we
show that the map w : [S?, s¢, Y, yo] — hom(H,(S?), H,(Y)), given by [f] ~ f, is
a homomorphism.

Leti, i : S2 < S2V S%2andj,j; : Y < YV Y be the inclusions to the first
and second summands, respectively. Let A : H,(S?) — H,(S?) ® H,(S?) be the
diagonal map and let & : H,(Y) @ H2(Y) — H,(Y) be given by (a,b) — a+b, and
P Hy(S?) @ Ha(S?) — Ha(S? V S?) given by (a, b) — (i1)«(a) + (i2)«(b) and
@ are the isomorphisms mentioned in Lemma 2.1. i and 0 are the comultiplication
and codiagonals, respectively.

Hy(S2) — ™ Hy(s2 Vv s2) — 9 i ivvy) — 2 Hy(Y)

x ol T / (2.5)

Hy(S?) @ Hy(S2) 295 Hy(Y) @ Hy(Y
First, we claim that {’ : H,(S? V' §2) — H,(S?) @ H,(S?), given by

= ((P1)«(c), (p2)x(c)),

where p;, p; are the projections onto the first and second factors, respectively,
equals P, to show this claim, note that
Pl . v’ . . . .
(a,b) = (i)«(a) + (L2)«(b) = ((P1):((i)x(@) + (12)5(b)), (P2)«((i1)x(@) + (i2):(b)))
= (a,b)
(2.6)

So since we've shown that ! is an isomorphism in Lemma 2.1 and that 1\’ is
a one sided inverse to 1! we have that { = 1’ by uniqueness of inverses.

Note that since each projection of i is homotopic to the identity, we have that
P o e = ((P1o Wk, (P2 Ws) = (Thy(s2), Thy(s2)) = A, so It follows that the left
triangle commutes.

To show that the central square commutes, let (a,b) € H,(S?) @ H,(S?), then
we have that

(fV g)«((t1)x(a) + (12)«(b)) = (f V g)x((i1)«(a)) + (fV g)x«((i2)«(b))

= (j1 o f)«(a) + (j2 o g)«(b) (27)



CHAPTER 2 THE HUREWICZ THEOREM

In the other direction we have

f+Dgx ® . .
(a,b) ¥ (fx(a), g«(b)) —— (1 o f)x(a) + (j2 © g)«(D) (2.8)

which shows that the central square commutes.
To show that the right triangle commutes, let (a’,b’) € Hy(Y) ® Hy(Y), then
we have,

. . s . .

(', 6) = (1)e(@) + (32)s(6) = (8 031)s(@) + (80 12)s(b') = &’ + b/, (2.9)
which of course equals o : (a’,b’) — a’ 4+ b’. showing that the map w is homo-
morphism, ie. that [f + gl = fx + g«. Composing w with the evaluation homo-
morphism gives us that the Hurewicz map is indeed a homomorphism. |

If the construction of the Hurewicz homomorphisms shall be considered
satisfactory, we would expect the following to hold:

LEMMA 2.5 ([6, p. 496]). The homomorphisms h are compatible with the long
exact sequences of homotopy and homology groups, in the sense that the following
diagram commutes:

T (X, %) —— 7tn (X, A, %) —2— 1 (A, %)

3 3 |n (2.10)

H, (X) —2— Ho (X A) —2— Hy 1 (A)

Proof. We will show that the diagram commutes by showing that each of the
constituent squares commutes separately by a diagram chase.
The left square: Let [¢] € 7, (X, *), and recall that i is the inclusion.

D] 5 [D] — P(Gn) (2.11)
And in the other direction,
(6] 5 da(gn) 5 [balgn)] = [(d o Pal(Gn)]- (212)

This shows that the first square commutes.
Now, consider amap f: (D™, S™ 1) — (X, A), and let 9f denote f restricted
to S™1. Since f, is natural we get the commutative diagram

Hn (D™, ™) —2 5 Hyq(S™Y)

f*J( J(af)* (2.13)

Hn(X,A) —2— Hy(A)
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So given a generator g, € H,, (D™, S™ 1), we get by commutativity that
0(fx(gn)) = (0)«(0gn). (2.14)

Now, we are ready for another diagram chase: Let ¢ represent a homotopy class in
7 (X, A), then we have

()~ 0] — (3)x(gn1) (215)
and the other direction:
(] - $x(gn) s 0(P+(gn)) = (00)«(0gn) = (0d)x(gn-1), (2.16)

as wanted. [ |

2.2 TRANSPORT ALONG A PATH AS GROUP ACTION

Since the second relative homotopy groups isn't guaranteed to be abelian, the
relative Hurewicz homomorphism cannot be guaranteed to be an isomorphism
out of these groups. In this section we shall construct a normal subgroup N <
(X, A, %) such that 755 (X, A, %) = m(X, A, *)/N is abelian and the Hurewicz
homomorphism 7, (X, A, *) — H,(X, A) induces an isomorphism 755 (X, A, %) —
H, (X) A)

In order to construct N, we must first introduce the notion of transporting a
map f: (I, 1™, ] 1) — (X, A, a), n > 2, where J™ = (3™ x I) U (I"™ x {0})
along a path v : I — A where v(0) = ap and v(1) = a;. The construction shall
follow tom Dieck in sections 5.2 and 6.2 of [6]. Let & : J*! x I — A be the
homotopy given by (x,t) — v(t), so « is a homotopy between two constant paths.
Note that since J*~! < 9I™ and 0I™ < I™ are cofibrations [6, p. 127]. We can then
use the Homotopy Extension Property twice, yielding the commutative diagrams
below, showing that there are induced homotopies as indicated by the dashed lines.

Jnfl x , Al oI B X1

A
j B/// JVCV() Jj I_E//)‘ J/CVQ (217)

AN A TN s X
floIm™ f
We then define:
DEFINITION 2.6. Let v : I — A be a path from q to a;, then the map v :
(X, A, ap) = m(X, A, a;) is given by [Hy] — [H;] with H is the homotopy
given above. By transport along a path v we shall mean vy.
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Let v be a path in A, then we define a functor (-)4 as follows:

M (A) U Grp

aQy /——— WZ(X)A) aO)

ml JV#

ay ——— }7‘[2(X,A,C11)

(2.18)

Now we will show that (-)4 is indeed a functor:

PROPOSITION 2.7 ([6, p. 127]). Transport along a path, that is, the assignment
[Ho] — [Hi] is a well-defined map m,(X, A, ap) — m(X, A, a;), and a group
homomorphism that depends only on the homotopy class of the path in TT;(A).
(+)# is a contravariant functor from TT; (A).

Proof. We shall show that () is a functor. First, note that the identity e € 7t; (A, ao)
is the homotopy class of the constant loop at ay, [cq,]. S0, let [y] € m (X, A, ap),
so this means that the representative y is a map (12,012, J!) — (X, A, ao). If we
let the homotopy o : J! x I — A be given by (x,t) — cq,(t) (we shall denote
o the homotopy along c,), we get diagrams, again by the Homotopy Extension
Property,

s Al a2 B, xt

’ A A
\[ B/// J/evo ‘[ H:// levo (2-19)
i pid

M —— A IP——X
ylor Y
This means that (cq, )#([v]) = [H]] = [v] € m(X, A, ap), and that for the identity
element e € (X, A, ap) that es = T, (x,A,a)-
Let v be a path in A from a, to a; and let & be a path in A from a; to a,, we
then need to show that &4 o vy = (v x &)4. Let [f] € (X, A, ap), then,

Exovit [f] 5 [Gi] — [Hy], (2.20)

with G satisfying

x5 Al B2 L)XI

A 7
Ji B/// J{evo Jf C’;/// levo (2-21)
aIZ W A 12 —>f X
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where o being the homotopy along v. We have that H satisfies

]1 L} Al OI2 L) X!

’ A A
j B lev() I H- le\,o (2.22)
i 4

M — A X
G 1 ‘ 0 IZ G1
where o is the homotopy along &. The above means, that « * &’ is the homotopy
along v x &. This means that (v o &)4([f]) satisfies

]1 ok AI aIz Bxp’

yﬁ’V J jgy l (2.23)

aIZWA Iz—)X

So we can conclude that (v x &)«([f]) = [(G * H);] = [H;], as wanted. |

REMARK 2.8. Note that if v is a loop at (A, a), v¢ is a map m(X,A,a) —
m (X, A, a).

We can now define a right group action of the fundamental group 7t; (A, ay) on
the relative homotopy group m, (X, A, ay) by

(v}, B]) = dx(v) = [v] - [3] (2.24)

where [0] € 71 (A, ap) and [y] € T (X, A, ).

In order to ensure that the above assignment is indeed a (right) group action,
we first need to show that [y] - e = 7y for all [y] in 7, (X, A, ag), and then that
(vl - [8]) - [e] = [y] - ([d * €]) by [6, p. 17] for [y] € m(X,A, ao) and [8], [e] €
! (A> aO)-

Firstly, let e € 71; (A, ag) be the identity, So, let [y] € m, (X, A, ap). And since
(+)# is functor by Proposition 2.7, we have that [y] - e = ex(v) = Tr,(x,A,a0) ([Y]) =
[v], as wanted.

To show the second condition, note again that by Proposition 2.7, we have that
(+)# is a functor, so this yields,

(by]- [8]) - [e] = ex(ly] - [8]) = e o Ou([y]) = (O x €)u([y]) = [yv] - O], (2.25)
as wanted.
Now we are ready the define N. Let
N’ = {6(5 'Z)_l | S 7T2(X)A) (10),2 € 7T1(A> Cl())},

and let N be the normal subgroup of 7r,(X, A, ag) generated from N'. [6, p. 496]
We have claimed that 7t (X, A, ag) = (X, A, ag)/N is abelian, and in order
to justify that claim, we need the following Proposition
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PROPOSITION 2.9 ([6, p. 128]). Let 8,¢ € my(X, A, %) be given. Let z = d¢ €
(A, %). Then § -z = ¢ 18¢. [

So, for any 9, ¢ € my(X, A, ay), let z = d¢, we then have by Proposition 2.9 that,
571(8(8-2) 1)o =157 1ed = [¢, 8] (2.26)

and since N is a group, we have that [, 0] € N, and since 6 and ¢ are arbitrary,
we have that the commutator subgroup of 7,(X, A, ag) is contained in N, making
(X, A, ap) abelian, as claimed.

We shall close this section with a Lemma that shall prove useful later

LEMMA 2.10 ([1, p. 476]). Let h be the relative Hurewicz homomorphism forn = 2
and let N be defined as above. Then N C ker(h).

Proof. Let § € my(X, A, *) and z € m; (A, %), then we have,
h(3(8-2)7") =h(8) —h(8-2) = 8:(§) — (8- 2)«(g) = 8:(§) — 84(§) = 0 (2.27)

Where the next to last equality follows since 6 is freely homotopic to 6 - z and
homotopy invariance. This shows N’ C ker(h), which implies N C ker(h), as
wanted. [1, p. 476] [ |

2.3 THE ABSOLUTE CASE

We shall now show the absolute Hurewicz Theorem, which is the main result of
this chapter, as it will be essential in proving the Quillen plus construction in
Chapter 3. In this section we shall go though the various theorems, propositions
and lemmas that are needed in order to reach our for this chapter which is to show
the Hurewicz Theorem for simply connected CW complexes.

We shall first state two Lemmas that give exact sequences that are derived
from the usual long exact sequence of homotopy and homology groups. Suppose
that we have a map f : A — B and suppose furthermore that for all base points
7 (CA,A, %) = 0for 0 < i < p and 71; (Mg, A, %) = 0 for 0 < i < q such that
2 < p + q— 2, then we have the following sequences, that are used in the proof of
the absolute Hurewicz theorem,

7T2(A,X0) — ﬂz(B)yo) — T[z(Cf,*) — 0 (2.28)

Hz(A) — Hz(B) — Hz(Cf) — 0. (2.29)

So to start this section off,

10
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LEMMA 2.11 ([5, section 3.16]). Let X,Y be spaces and let £ : (X,;x0) — (Y,Yo)
be a map. For the reduced mapping cylinder My there is a long exact sequence in
homotopy

Ty ~
e — 7T2(X,X0) — 7T2(Y,y0) — ﬂz(Mf,X,*) — 7'[1(X,X0) — e (2.30)
|

LEMMA 2.12. Let X,Y be spaces and let f : X — Y be a map. For the mapping
cylinder My there is a long exact sequence in homology

e =3 Ha (X)) 25 Ha (V) — Ha (Mg, X) — Hy (X) — - (2.31)

Proof. The proof of this Lemma is entirely analogous to that of the previous Lemma
2.11, see [5, section 3.15]. [ |

The next theorem, the Homotopy Excision Theorem by Blakers and Massey
[6, p. 133], is a non-trivial result that is quite important to our task at hand, which
we prove below:

THEOREM 2.13 (Homotopy Excision, [6, p. 133]). Let Y =Y, UY; be a space with
Y1, Y, open and Yo = Y1 NY, = (. Assume that,

(Y1, Yo,y) =0 for0<i<p,p=>1 (2.32)
mi(Y2,Yo,y) =0,  for0<i<gq,q=>1 (2:33)

for each base pointy € Yy, such that 2 < p+ q—2 then the excision maps, induced
by the inclusion,
L 70(Y2, Yo, *) — (Y, Y1, %) (2.34)

is an isomorphism for each choice of base point x in Y.

The proof of Excision relies on the following, theorems which we shall not
prove.

THEOREM 2.14 ([6, p. 144]). Let (p1,po) : (E1,Eo) — B be relative a Serre
fibration. Let F? denote the fibre of b over p;. Then the following are equivalent:

(1) (Ey,Ep) is n-connected.

(2) (Fb,FP) is n-connected for each b.

11
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THEOREM 2.15 ([6, p. 150]). Suppose that the pair (Y1,Yy) is p — 1-connected
and (Y2,Yo) is ¢ — 1-connected for p, q = 0. Then the inclusion F(Y1,Y1,Yy) <
F(Y1,Y,Yo) is (p + q — 3)-connected. [ |

And we introduce the notation ([6, p. 150]), let
F(Yl,Y,Yz) = {W e Yl | W(O) S Yl,W(l) S Yz} .
This proof is based on tom DiecKk’s proof in [6, p. 150]:

Proof of Theorem 2.13. First note that the evaluation map is always a fibration, so
we get a fibration F(Y,Y,Y,) — Y given by w — w(0) which yields the pullback
along the inclusion:

FY,Y,Y) —— Y

T ] (2.35)

F(Y)Y)YZ) Xy Yl E— Yl

meaning that the map F(Y1,Y,Y2) = F(Y,Y,Y2) xyY; — Y; given by w — w(0)
is a fibration as well.

Taking the fibre of a point * € Y; over F(Y1,Y1,Yo,) — Yand F(Y1,Y,Y, —
Y) — Yyields F({*}, Y1, Yo) and F({*}, Y, Y>), respectively. This yields the commu-
tative diagram

F({#}, Y1, Yo)) —— F({},Y,Y2)

[ |

F(YI)YI)YO) = F(Yl,Y, Yz) (236)
Yl — Y1

Since acis (p + q — 2)-connected by Theorem 2.15, then f3 is likewise connected
by Theorem 2.14.
Noting that the function space F is the same as loop space, we then have

m (F((), Y1, Yo)) —2 70y (F({%}, Y, Y2))

JE l; (2:37)

(Y1, Yo, ¥) ————— (Y, Y2, %)
yielding the desired isomorphism for 2 < p + q — 2. [

12



2.3. The absolute case

The next theorem, the Quotient Theorem, which together with a similar theo-
rem for homology groups, establishes conditions under which 7, (X, A, %) =
7 (X/A, %) and H;, (X, A) = H,, (X/A). This is important, since we want to replace
(Mg, X, %) and Hy (Mg, X) with 75(M¢/X, %) = m,(Cy, ) and Hy(M¢/X) =

H;(Cy), respectively.

THEOREM 2.16 (The Quotient Theorem, [6, p. 153]). Assume that A — Xisa
cofibration and let p : (X, A) — (X/A, x) be the canonical quotient map. Assume
further that forall a € A,

mi(CA A a) =0for0 <i<m, m(X,A,a)=0for0 <i<mn, (2.38)

such that 2 < n+m—2, then p, : (X, A, a) — m(X/A, %) is an isomorphism.

Proof sketch. The idea of the proof of this theorem by tom Dieck in [6, p. 153] is to
obtain an isomorphism, 7, (X, A, a) — m,(XUCA, CA, %) via Homotopy Excision
and then use the map induced from the projection q : XU CA — (XU CA)/CA,
which is a homotopy equivalence if CA < X U CA is a cofibration, thus obtaining
isomorphisms

i (X, A,a) = m (XU CA,CA %) — m (XU CA, %) —
i (XU CA)/CA, %) — mi(X/A), (2.39)

with the bijection 7t; (X U CA, CA,x) — m;(X U CA, %), being a consequence
of the contractibility of CA and the long exact homotopy sequence of the pair
(XU CA, CA). This yields the commutative diagram

(X, A, a) ———— (XU CA, *)

p{ q{g (2.40)

7 (X/A, %) —— i ((XU CA)/CA, %)

This shows p, to be an isomorphism (bijection/surjection)." |

We shall now state the similar theorem for Homology:

THEOREM 2.17 ([6, p. 254]). Let A < X be a cofibration and let p : (X,A) —
(X/A, %) be the projection. then py : Hn (X, A) — Hy (X/A) is an isomorphism.
|

Now we are ready to prove one of the ingredients of the Hurewicz Theorem:

'T would like to thank Bastiaan Cnossen at Bonn for helping me understand that the commu-
tative square showed py to be an isomorphism.
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CHAPTER 2 THE HUREWICZ THEOREM

LEMMA 218. Let A = \/, S* and B = \/; S* and let f : A — B be a map. Then

10 (Mg, A, %) S 10, (Cy, *). We also have Hy(My, A) L H,(Cy), where p and q
are the quotient maps.

Proof. Firstly, note that A < My is a cofibration [6, p. 111].

Next, we check that 7, (CA, A) = 0, but since CA is contractible we have that
m(CA A a) =m(A,a) =m (V, S$%*) = P, mi(S% %) = 0 by lemma 2.1 on
page 3.

To check thatt; (CA, A, a) = 0, note that there is a bijection of sets 1; (CA, A, a) —
(A, *) and since A is path connected we get that 7t; (CA, A, a) = 0for 0 < i < 3.

Next we check that 7t; (Mg, A, a) is trivial. Note that M ~ B, so we get an
exact sequence

WI(B)*) — ﬂl(Mf)A’*) — ﬂO(A)*) — 7TOU\/lf) (2-41)

with all the absolute homotopy groups/sets being trivial, we get 7t; (M, A, %) trivial
as well. Then we have by theorem 2.16 that 7, (M¢, A, %) = m,(M¢ /A, %), and the
result follows since M¢/A = Cy.

We have already established that A < My is a cofibration, so we have by
Theorem 2.17 that Hy(M¢, A) = H,(M¢/A) = H,(Cy), as wanted. [ |

REMARK 2.19. In the proof of Lemma 2.18, we show that 7t; (CA,A) = 0 for
0<i<3=pandm(X,A,a)=0(q=2).

This is due to the Quotient Theorem (Theorem 2.16) utilizing Homotopy
Excision to show an isomorphism 7, (X, A, %) — (X U CA, CA, %), setting
Y = XUCA, Y, = CA Y, = Xand Yy = A, which helps determine an
isomorphism 7, (X, A, *) = 7, (X/A, *) induced by the quotient map X — X/A.

The next Proposition can be used to show a special case of the Hurewicz Theorem,
needed in the proof:

PROPOSITION 2.20 ([6, p. 257]). Themap w : [S?, so, S?, s1] — hom(H,(5?), H,(S?))
given by [f] — f, is an isomorphism.

This proof is based on the proof of 10.5.1 [6, p. 257]

Proof. Note, that by the proof of Lemma 2.4 the map w is an homomorphism.

Now, we have that [S?, sg,S?,s0] = m2(S?,s0) = Z with the identity map
mapped to 1, and note that since H,(S?) = Z can deduce an isomorphism hom(H,(S?), H,(S?)) =
Z, finishing the proof. [

The next Lemma is group theoretic in nature

14



2.3. The absolute case

LEMMA 2.21. Consider groups G, H with G being free on { g}, then the evaluation

homomorphism hom(G, H) 2 His an isomorphism.

Proof. Note that G and H will be written additively. We have a map evy : hom(G, H) —
H, and we shall construct an inverse ¢ : H — hom(G, H). Let h € H we shall
find a map f € hom(G, H) such that f(g) = h. Since g is a generator , we can
extend the map g — h by linearity to G [2, p. 271] . This yields the unique homo-
morphism f meeting our criteria, so we set ¢ (h) = f. Now we show that ¢ isa
homomorphism. Let h,h’ € H and suppose that ¢ (h) = f and @ (h') = f’, then
f(g) + f'(g) = h+ N/, this means that p(h + 1) = f + ' = @(h) + @(h’), as
wanted. Next we show that evy and ¢ are mutual inverses:

@ oevgy :frev—gn‘(g) :h»in‘, (2.42)
and
@ Vg
evgo @ :hr—— f—— f(g) =h, (2.43)
this completes the proof. |

COROLLARY 2.22 ([6,p. 497]). The absolute Hurewicz homomorphismh : 7,(S?, %) —
H,(S?) is an isomorphism.

Proof. Proposition 2.20, along with Lemma 2.21, states that that h = evg, o w is
an isomorphism. L

COROLLARY 2.23 ([6, p. 497]). The absolute Hurewicz homomorphismh : i (\/ S2 %) —
Ha(\/ , S?) is an isomorphism.

Proof. By Corollary 2.22, we have that the Hurewicz homomorphism h : 71, (S?, %) —
H,(S?) is an isomorphism, it follows that @, h : @, 72 (S?, %) — D, Ha2(S?)isan
isomorphism as well. If the following diagram commutes, then h : 71 (\/ , S%, %) —
H,(\/ , S?) is automatically an isomorphism.

@aﬂz(sz) — 7T2(\/0¢32)
éBahlz lh (2.44)
Py Ha(S?) —— Ha(\V/ S?)

To check that the diagram commutes, we shall perform a diagram chase.

15



CHAPTER 2 THE HUREWICZ THEOREM

Letig : S & \/, S? be the inclusion into the ’th factor and let ([fo])« €
@, m2(S?, %), then the upper-right path is,

(fal)a = Y mo(ia)([fa)) —= 3 hllice fol) = Y Halla o fa)(g2) (2.45)

and the lower-left path,

(Fad)oc 2 (Ha(fa)(92))e = 3 Haliae o o) (92) (2.46)

&

And the follwoing results are also needed:

| PROPOSITION 2.24 ([3, p. 353]). Every space X has a CW approximation. [ |

THEOREM 2.25 ([6, p. 213]). Let X be a CW-complex that is simply connected,
then X ~ Y where Y is a CW complex such that Y' = {x}. [ |

The proofs of these results where left out due to time constraints.
Now we are ready to show one of the main results of this thesis, the absolute
Hurewicz Theorem:

THEOREM 2.26 (The Absolute Hurewicz Theorem for n = 2, [6, p. 497]). Let X
be a simply connected space, then h" : 70y (X, ) — Hy(X) is a isomorphism.

This proof is based on tom Dieck’s proof in [6, p. 497]

Proof. Note that since X is simply connected, it is in particular path connected,
then by CW-approximation (Proposition 2.24 and Theorem 2.25), we can hence-
forth regard X as a CW-complex such that the 1-skeleton is X! = {x}. and since
only 3-skeletons affect 2nd homotopy and homology group, we can regard X as
a 3-dimensional CW complex. Note that since X! = {x}, the 2-skeleton of X is a
wedge of 2-spheres and attaching 3-cells is identifying the boundary of 3-cells (ie.
2-spheres) to the bouquet of 2-spheres, which is exactly what the mapping cone
Ct does, where f: \/, §* — \/ S*. Deforming the tip of the mapping cone by
way of a linear homotopy to the basepoint, yields a bouquet of 3-disks, and thus
an homotopy equivalence X ~ C.

Now, consider the diagram, where A = \/, $* and B = \/; S?, then by
naturality and functoriality of h, we have the commuting diagram,

(A, %) ERLEN (B, %) —— m(X, %) —— 0

Jh lh lh (2.47)

Ha(A) — 5 Hy(B) ——— Hy(X) ——— 0

16



2.4. The relative case

And note that exactness of the rows above follows by Lemmas 2.11, 2.12 and 2.18.
The maps h : m,(A,*) — Hy(A) and h : m;(B) — H,(B) are isomorphisms
by Corollary 2.23. Then the last map is an isomorphism by the Five-lemma, as
wanted. |

2.4 THE RELATIVE CASE

Even though the relative Hurewicz Theorem is not used in the plus construction,
due to its importance we shall shall state it here and give a proof for the case n = 2,
where we follow tom DiecK’s proof in [6, p. 500]

Note that by Lemma 2.10, we have homotopy classes in N maps to the zero ele-
mentin H, (X, A), this means that from the Hurewicz homomorphism 7, (X, A) —
H, (X, A), we can induce a homomorphism h" : 75 (X, A) — H,(X, A) by the as-
signment [[f]]n — h([f]).

To prove The Relative Hurewicz Theorem, we will need the following theorem:
which we shall state without proof

THEOREM 2.27 ([1, p. 472]). Letn > 2. Let X™ be an oriented n-cell. Let 01, ... , 0%
be n-cells in X™. Consider £ : (X™, X™ \ U{‘Zl Int(oi)) — (X, A,%). Then for
[f] € 7tn (X, A, %)% we have, [f] = Y X [floy]. ]

And the following remark 9.5.4 in [6, p. 237])

REMARK 2.28. Suppose that (X, A, x) is a pointed pair with A path-connected.
Then S, (X) is a subcomplex of S.(X) such that for singular simplices
o we require that 0(A}}) C A and 0(AY) = {x}, then the inclusion is a chain
equivalence.

We are now ready to prove the Relative Hurewicz Theorem:

THEOREM 2.29 (The Relative Hurewicz Theorem for n = 2, [6, p. 500]). Let
X, A be a CW-pair with X and A connected. Let (X, A) be 1-connected. Then
h* .7 (X, A) — Ha(X, A) is an isomorphism.

Note that this proof is based upon tom Dieck’s proof in [6, pp. 500-501] and
Bredon’s proof in [1, pp. 478-479].

Proof. Let Ay = [eg, ..., ex] be the standard k-simplex and denote its £-skeleton by
Af . Define Ci. (X, A, *) as the chain group spanned by chain complexes o : Ay, — X
such that o(A}) C A. and o(A}) = {*}, modulus Si(A) and let H}(X, A, %) be
second homology group of this chain complex. Then by Remark 2.28, the inclusion
is a chain equivalence and will induce an isomorphism H} (X, A, %) = Hy(X, A),
since X is 1-connected.

17



CHAPTER 2 THE HUREWICZ THEOREM

We can without loss of generality identify representatives of homotopy classes
in 7 (X, A, *) with maps f : (A;,0A,,e9) — (X, A, *) since D? = A,, so we fix a
homeomorphism ¢ : D? = A, such that @.(g2) = [1a,] (with gy, being as defined
in section 2.1) when induced on homology.

Now consider that the Hurewicz homomorphism, h : 75 (X, A, %) — Hy(X, A),
is the map [f] — f«([1a,]) but since A} C 9A,, f € CI(X,A,x*), we have that
fx([1a,]) = [f] € H%(X>A>*)'

Let us now define an inverse 1 : C}(X, A, %) — 703 (X, A, *) in this way: Let
0: (A, 04A,5,A9) — (X, A, %) and define

P : CHX, A %) 3 [0] = [0] € (X, A, %) (2.48)

it is clear that if o(A;) C A, then [o] is the zero homotopy class, and since
(X, A, %) is abelian, 1\ is a well-defined homomorphism.

We need to ensure that 1\ induces a well-defined homomorphism. Let o be a
basis element in C}(X, A, %), and let j, : 72 (X, *¥) — m2(X, A, %) be induced by the
inclusion, and note that dA; = S2, so [g|0A;] € T, (X, ). Since 030 = Zi:o 0083,
where &7 are the appropriate face maps. This gives us,

3

Pods(o)=) [005]] (2.49)
i=0

= 4j4([0]0A3]) by Theorem 2.27 (2.50)

=0 0]0A; extends to A; [3, p. 346], (2.51)

which tells us that boundaries are mapped by 1 to zero, we can induce a homo-
morphism on H}(X, A, ), it is a two sided inverse. [
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Chapter
THE QUILLEN PLUS CONSTRUCTION

The Quillen plus construction will enable us to take a connected CW-complex
and “kill” its fundamental group, that is, modify the space X into a space X* that
is simply connected, while at the same time preserving all homology groups.

3.1 STATEMENT AND PROOF

THEOREM 3.1 (Quillen plus construction, (3, p. 374]). Let X be a connected CW-
complex such that H, (X) = 0. Then there is a simply connected CW-complex X+
such that X < X induces isomorphisms on all homology groups.

The proof of Theorem 3.1 draws on inspiration from [3, p. 374].

Proof. Consider a set of generators {[@ ]}, of (X, %), then as maps S! — X
- we can use these as attachment maps, forming the space X' = X[ [, e%/~ by
attaching 2-cells along the maps ¢ . This makes X’ simply connected.

We shall now construct X*. Consider the short exact sequence, derived from
the long exact sequence for the pair X C X', we have

0 — Hy(X) — Hy(X') = Hy(X', X) — 0 =H;(X) (3.1)
Note that H, (X', X) is free abelian, since

Hy (X, X) = Hy(X'/X) = Hy(\/ $%) = P Z, (3.2)

o 04

so the sequence above splits, yielding an isomorphism H, (X’) = H, (X)&H, (X', X).
Note that since X’ is simply connected, we have by the Absolute Hurewicz Thoerem
2.26, that there is a canonical isomorphism 7, (X', *) = H,(X’), and since the
summand H, (X', X) is free, we can choose a basis and represent it by a set of maps
Py : S — X’ chosen so that

h([bal) = (Wa)x(92) = (0,z) € Ha(X') = Hy(X) & Hy (X', X) (3-3)

where z, is the «’th generator of H, (X', X). We then attach 3-cells along each 1
to X', obtaining X ™.

To show that our construction of X™ has the desired properties, consider the
map B, (Wu)x : By H2(S?) — Ha(X') given by (o)« — Y, (Wa)s(x«). Note
first that since each summand of H,(X’, X) is infinite cyclic, so each element of
its domain (whose summands are also infinite cyclic) are mapped to an integer
multiple of the generator of each summand. So we can write an element x =
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(o) € Dy Ha(S?) as x = (nng2)« for integers ng, but then @, (Va)s(x) =

(0, Zcx NaZa)-

To show that @, (P« )« is injective, consider elements x = (x )« € B, Ha(S?)
andy = (Yo)a € By Ha(5?) and assume that @, (Yo )s(x) = B (s (y). We
then have

(0,0) = B(Yals(x) ~ Pla (0, Z — M )za),
X

for integers ny, My, showing that x = y since the generators for each summand
are distinct.

Now, let x € 0 @ Hy(X',X), then x = (0, , mqz) for integers m, but
then the we have that @, (P« )«((Mag2)«) = x, showing that 0 & H, (X', X) C
Im @, (D« ) the reverse inclusion is clear, showing that 0&H, (X', X) = Im @, (D ).

From the long exact sequence on homology of the pair (D?, S?) we obtain the

isomorphism H; (D3, $?) 2 H,(S?), and hence an isomorphism

D H3(D? $?) — P Ha(S?)

Note that we have D?/S? = S°. An application of the isomorphism from
2.1 and that for a cofibration A < X, then quotient map X — X/A induces an
isomorphism [6, p. 106], we also have that X /X’ = \/_ S, thus yielding the
following

@p* @(Mx) 1
PH:(D*,8) == P Hs(S*) —— Hal \/53 ) H (XX (3.4)

where i, are inclusions and p, q are quotient maps.
The above considerations yield a commutative diagram,

0 @ H3(D3,$?) — P H,(S?)

EJ/ I{E(wcx)*

0 — H3(X') — H3(X*T) —— H3 (X", X) -2, Hy(X') —— Hy(XT) — 0 (
3.5)

Hs(X)

0
that gives us a short exact sequence

0 — H3(X') — H3(X") — 0 (3.6)

20



3.1. Statement and proof

which gives isomorphisms H3(X) = H;3(X') = H3(X™), all of which are induced
by inclusions. We also get an exact sequence

0 — Ha (X', X) 3 Hy(X') — Hy(XH) = 0 (3.7)

Note that Im 9 = 0 ® H, (X', X) so we have that Coker 0 = H,(X) = H,(X™), this
isomorphism is also induced by the inclusion, as desired.

Note that since our modifications of X to obtain X* does not alter the homology
of for n > 3, so we have thus proven the desired statement. |
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